Dynatomic cycles for morphisms of projective varieties 



By Benjamin A. Hutz 

Abstract. We prove the effectivity of the zero-cycles of formal periodic points, dynatomic cycles, for 
morphisms of projective varieties. We then analyze the degrees of the dynatomic cycles and multiplicities 
of formal periodic points and apply these results to the existence of periodic points with arbitrarily large 
primitive periods. 

1. Introduction 

Let K he a field and X/K a projective variety. Let (p : X/K X/K be a morphism defined over 
K. We can iterate the morphism (j) and study the properties of the periodic points of the resulting 
dynamical system. In this paper, we consider K an algebraically closed field and study the zero cycle of 
formal n-periodic points, the n-th dynatomic cycle, and show that it is effective for all positive integers 
n (Theorem I2.20p . resolving a conjecture of Morton and Silverman in the affirmative Conjecture 
1.1]. Wc further show that the periodic points of formal period n ^ in K with multiplicity one have 
primitive period n (Theorem 13. ip . We relate the degrees of the dynatomic cycles to periodic Lefschetz 
numbers and use information about the degrees to investigate the existence of primitive periodic points. 
In particular, we show that the dynamical systems constructed on Wehler K3 surfaces and the dynamical 
systems arising from morphisms of projective space have periodic points with arbitrarily large primitive 
periods (Theorem 14.121 and Theorem I4.18p . Much of this work is from the author's doctoral thesis @, 
Chapter 3]. 

We now describe our results in more detail. We denote as the n-th iterate of the morphism If 
0"(P) = P for some P G X{K) and n S N, then P is called a periodic point of period n for cj). If n is 
the smallest such period, then n is called the primitive period of P. Consider the cycles in X x X: The 
graph of 0" defined as r„ = J2xexi^' ^^i^)) the diagonal A = J2xexi^^^)- 

Definition 1.1. For n > 1, we say that 0" is non- degenerate if A and r„ intersect properly. 

Remark. If 0" is non-degenerate, then (p"^ is non-degenerate for all d \ n. 

Assume that </>"■ is non-degenerate, and let P E X{K). Define ap{n) to be the intersection multiplicity 
of r„ and A at (P, P) and 

$„(</>) = *(r„,A;P)(P) - ^ ap{n){P). 

Pex Pex 

Notice that this intersection contains all of the periodic points of period n for (j). We want to examine 
only the primitive n-periodic points. Define 

a*p{n) = (^) 

d\n 

and 

d\n Pex 

where fi is the Mobius function. 

Definition 1.2. We call ^ni'f') the n-th dynatomic cycle and a*p{n) the multiplicity of P in If 
a*p{n) > 0, then we call P a formal periodic point of formal period n. 

All periodic points of primitive period n are points of formal period n (Proposition |4.1ll2]) ). but there 
may be periodic points with formal period n and primitive period strictly less than n [IJ, Theorem 2.4]. 
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For : ^ A^, a single variable polynomial map, Morton showed that is effective; and in 

the case where n ^ in K and it has points with multiplicity greater than one, its points of nonzero 
multiplicity are exactly the points of primitive period n |12l . Theorem 2.4 and Theorem 2.5]. Morton 
and Silverman went on to show the effectivity of ((/)) for a non-degenerate morphism of a nonsingular 
projective curve and for a non-degenerate automorphism of projective space [l3j . Theorem 2.1 and 
Theorem 3.1]. They also conjectured effectivity for non-degenerate morphisms of nonsingular projective 
varieties [3, Conjecture 1.1]. 

In Section[5]we prove that effective for non-degenerate morphisms of non-singular, irreducible, 

projective varieties and describe the possible values of n for which a periodic point P of (f> has non-zero 
multiphcity in <i>*(0) fTheorem 12.201) . 

As in the one-dimensional case, the proof is carried out by carefully examining when the multiplicity of 
a fixed point P in $„(</!)) is greater than the multiplicity of P in <i>i(0). However, several new ideas and a 
lot of additional work are needed in the higher dimensional case. Some of the difficulties encountered are 
taking into account the higher Tor modules in the intersection theory, which turn out to all be identically 
(Theorem 12.31) , using the theory of standard bases to obtain information about the multiplicity of a 
point in <i>n(0) (Proposition 12 . l7)) . and iterating local power series representations of the morphism. 

From this detailed analysis of the multiplicities, in Section [3] we show that periodic points of formal 
period n with multiplicity one and n ^ in K have primitive period n. In other words, ap(n) — 1 for 
n ^ in K implies that P is a periodic point of primitive period n. This generalizes jl21 Theorem 2.5] 
to morphisms of projective varieties. 

In Sect ion [4T] we state some basic properties of $«(</>) and <&* (0). In Section l4?2l we note the similarity 
to periodic Lefschetz numbers, and in Section 14.31 we state results similar to those of [^, H, [13] on the 
existence of primitive periodic points. In particular, if P is a periodic point, then the sequence ap{n) 
for n 7^ in if is bounded fTheorem 14. lOp . and if deg(<I'„) is unbounded for n ^ Q in K , then there are 
periodic points with arbitrarily large primitive periods and infinitely many periodic points (Corollary 
In Section 14.41 these results are applied to dynamical systems on Wehler K3 surfaces studied in 
and in Section [4.51 to dynamical systems arising from morphisms of projective space. 
The cycles ^n{4>) and $^('/>) occur with great frequency in the literature, under a varietyof notations 
and with a number of results stemming from the fact they are effective, see for example 0, [l^, [HI [12I , 

13, [11, [3, [3 • 

In particular, [l^, [l9| contain Galois theoretic results in the single- variable polynomial 



case where $Jj((/') has no points of multiplicity greater than one; many of the arguments of these two 
articles carry through to the higher dimensional case given that <I'*i(0) is effective (see Chapter 4]). 

The author would like to thank his advisor Joseph Silverman for his many insightful suggestions 
and ideas and also Dan Ambramovich and Michael Rosen for their suggestions. The author also thanks 
Jonathan Wise for showing him the proof of Proposition l4.15p ]) and Michelle Manes for her contribution 
to Proposition 14. 1 71 



2. Effectivity of $*((/)) 

Let K be an algebraically closed field and let A" be a non-singular, irreducible, projective variety 
of dimension h defined over K. Let : A A be a morphism defined over K such that 0" is non- 
degenerate. Define the cycles in X x A: The graph of 0" defined as r„ = X]a:ex(^' '?^"(^)) ^^'^ 
diagonal A — X^xexC-*-' local ring of A x A at {P,P) and let /A,^r„ C Rp be the 
ideals of A and r„, respectively. The following steps outline the proof of the effectivity of $*((/)). 

(1) Define the intersection multiplicity and show that $^((/>) is a zero-cycle. 

(2) Show that the naive intersection theory is, in fact, correct (Theorem l2.3p . Specifically, show that 

Tor,(Pp//A, Rp/IrJ = for aU i > 0. 

(3) Determine conditions on n for when ap{n) > ap(l) (Proposition 12 . 1 7|) . 



3 



(4) Show that a*p{n) > for all P and n (Theorem [22Q1). 
In what follows, the concept of dimension will be used in several different contexts. We will denote 

• dimi? for the Krull dimension of a ring R, 

• dimM for the Krull dimension of R/ Ann(M) where Ann(Af) is the annihilator of the i?-module 
M, and 

• dimx V for the dimension of the finite dimensional X-vector space V. 

2.1. Intersection multiplicity. Using Serre's definition of intersection multiplicity and working over 
the completion Rp oi Rp, we have 

b-l 

z(A,r„;P) = ^(-l)'dimA'(Tor,(/Z;//A,/^'//rJ). 

i=0 

Since is non-degenerate, the cycles A and r„ intersect properly. We also know XxX has dimension 
26, A has dimension b, and r„ has dimension b. Consequently, <i>„(0) is a zero-cycle with a finite number 
of points with non-zero multiplicity. Therefore, is also a zero-cycle. 

In local coordinates, we have 

Rp = K[[xi, ...,xb,yi,.. .,yb]]- 
Definition 2.1. Let (/)(x) ~ [0i(x), . . . , (/)f,(x)], where x = (xi, . . . , Xb)- Then denote 

0"(x) = [4")(x),...,0i")(x)] 
as the coordinates of the rt-th iterate of (p. 
Then we have 

Ia ^ (xi - yi, ■ ■ ■ ,Xb - Vb) and /r„ = (^^"^(x) - j/i, . . . , ^["■'(x) - yb). 

We will use the non-degeneracy of and the following theorem to show that Tori(i?p//A, Rp/It„) = 
for all i > 0. 

Theorem 2.2. ([l6|. Corollary to Theorem V.B.4]) Let (i?, m) be a regular local ring of dimension b, 
and let M and N be two non-zero finitely generated R-modules such that M®N is of finite length. Then 
ToTi {M, N) = for alii > Q if and only if M and N are Cohen- Macaulay modules and dim M + dim N = 
b. 

Theorem 2.3. Let X be a non-singular, irreducible, projective variety defined over a field K and 
(p : X X a morphism defined over K such that 0" is non-degenerate. Let P € X{K) and Rp the local 
ring of X x X at (P,P). Let A,r„ C X x A" be the diagonal and the graph of (j)" , respectively, and let 
-^A,-^r„ C Rp be their ideals. Then, ToTi{Rp / 1^, Rp/ Ir„) — for all i> 0. 

Proof. Let b — dimX, then we have dim A" x X ^ 2b and dim A dimr„ = b. The ideals I a and /r„ 
are each generated by b elements and A and r„ intersect properly. Therefore, 

dimK(i?p/(/A + IrJ) = lcngth(i?p//A «) Rp/LrJ < oo. 

By flil. Proposition III.B.6] the union of the generators of /a and the generators of /r„ are a system of 
parameters for Rp. Because Rp is Cohen-Macaulay by Corollary 3 to Theorem IV. D. 9] we can apply 
Corollary to Theorem IV. B. 2] to /a and its generators to conclude that Rp/La is Cohen-Macaulay 
of dimension b and, similarly with /r„, to conclude that Rp/L-p^ is Cohen-Macaulay of dimension b. 

We have fulfilled the hypotheses of Theorem 12.21 consequently, we have that 

ToTi{Rp/lA,Rp/IrJ ^0 foraUi>0. 

□ 
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2.2. Toro module. If P is not a periodic point, then ap{n) = for all n, so we will assume that P is 
a periodic point. If ap(l) = 0, then P has some primitive period m > 1. If to | n then ap{n) = 0, so 
we may replace by 0™ and assume that P is a fixed point for and, hence, ap{l) > 0. For P, a fixed 
point of 4>, we can iterate a local representation of as a family of power series. 
From Theorem 12.31 we know the naive intersection index 

ap(n) =i(A,r„;P) 

= dimx (Toro (i?P //a, i?p//r J) 

= dimx (i?p / (/a +/r J) 

is, in fact, correct in our situation. To prove the effectivity of <i>*(0), we will use conditions on n 
for ap{n) to be greater than ap(l). To determine these conditions, we will consider local power series 
representations of and the theory of standard bases. For information on standard bases, see 0, Chapter 
4]. Below, we recall the needed terminology. 

Definition 2.4. Recall that for a ring of formal power series K[[Xi, . . . , X/,,]], we can write an element 
f ^K[[X^,...,Xh\] as 

The monomial support of f is defined as 

supp(/) = I A ^ 0}. 

If / 7^ 0, then supp(/) has a least element under any admissible monomial ordering. We call this least 
element the leading monomial of f, denoted by LM{f). We denote v{f) the exponent of the leading 
monomial. Then 

LM{f) = 

and we call X^'--^^ the leading term of f and denote it by LT{f). 

Let / be an ideal in i4r[[Xi, . . . , Xh]]- We define the leading term ideal of I as 

LT{I) = the polynomial ideal generated by {X" \ 3f e I with LT{f) = X"}. 

Definition 2.5. A non-zero element / £ K[[Xi, . . . , Xh\] is called self-reduced with respect to an 
admissible monomial ordering if 

LTif) t F for aU F e supp(/) - LTif). 
Finally we recall three facts that we will need (see [3|, Chapter 4.4]). 

Theorem 2.6. The following are equivalent. 

(1) There exists a standard basis for I . 

(2) Every f £ K[[Xi, . . . , Xh\] has a unique standard remainder modulo I . 

(3) Every f £ K[[Xi^ . . . , Xh\] has a standard remainder modulo I . 

Theorem 2.7. Every ideal I C iir[[Xi, . . . , X^]] has a universal standard basis. 

Theorem 2.8. Let I C K[[Xi, . . .,Xh]] be an ideal with dim K[[Xi, . . .,Xh]]/I = 0. ThenK[[Xi, . . .,Xh]]/I 
is isomorphic as a K -vector space to Span(X'' | X^ ^ LT[I)). 

For the most part, we will not be concerned with the particular admissible ordering that is used, so 
it what follows we fix an admissible monomial ordering. When necessary, we will specify a particular 
ordering. 

Remark. For notation convenience, define /„ = /a + -fr„ ■ 
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Corollary 2.9. Consider the ideal In = (/a + -fr„) C Rp. Then 

ap{n) = dimKiRp/In) = dimK(Span(X'' | ^ LT{I„))). 
Proof. Apply Theorem!^ to Rp and /„. □ 
Lemma 2.10. Assume </>" is non-degenerate. Then ap{n) > ap(l) for all n G N. 
Proof. It is clear that 

Ti n A c r„ n A 

and we have a local representation of = (0i, . . . , <;/)„) at the fixed point P. Iterating this representation 
involves taking combination of the (f>i and hence are all elements of the original ideal • Hence, we 
have 

Therefore, 

iT(/„) C LT{h) 

which implies ap{n) > ap(l). □ 

For a fixed point P, if ap{n) > ap(l), then some monomial of a power series representation of (j) near 
P does not appear in the n-th iterate of that representation. So we need to examine when monomials 
may have coefRcient after iteration. We next show that we may reduce to the case where the generators 
of the ideal are self-reduced. 

Lemma 2.11. Let I C i4r[[Xi, . . . , X/J] be an ideal generated by {/i, . . . , /„} with d\mK[[Xi, . . . , X/J]// = 
0. Let Ui e _ftr[[Xi, . . . , X^]] be a unit such that Uifi is self-reduced for each 1 < i < h and define 
ul ^ {uifi,. . . ,Umfm)- Then 

dimK(Span(X'' | ^ LT{L))) = dini/^ (Span(X^' | X'" ^ LT{uI))). 

Remark. By [1, Corollary 2.2] applied to 

Lr(/) = LT((/i,...,/„)), 

we know each there exist units Ui G ^[[Xi, . . . , Xh\\ such that each Uifi is self-reduced. 

Proof. Since each Ui is a unit, we have v{LT{ui)) — and LT{uifi) = LT(fi) (and similarly for any 
combinations of the ft). Hence we have 

LT{I) = Lr((/i, . . .,/,„)) = . . 

□ 

We now show that we can also exclude from consideration those monomials that are products of other 
monomials in the monomial support of (p under iteration. 

Example 2.12. We have 

(j)i{x,y,z)=x*+ x^z^ + xy 
cl)2{x,y,z) ^ y^ + xz'^ 
h{x,y,z) = z"*. 

We have that xy creates an additional x^z^ term under iteration. 

Lemma 2.13. Assume that H G supp((/)j) is a monomial which is a product of other monomials under 
iteration. Then LT{(f)i, . . . , (jj^) — LT{(j)i, . . . , — H, . . . , <j)d). 
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Proof. Assume that H e supp(0i) and H ^ supp(0,-"^) for some n and that there is no other monomial 
in supp((/)) that not in supp(0^"-'). Then notice that for some to > n we will also have H G supp((/)|'"^) 
since H is the product of other least monomials under iteration. If it were true that ap{n) > ap(l), then 
it would also be true that ap{m) < ap{n) which contradicts Lemma [2. 101 □ 

Definition 2.14. Let / G K[[Xi, . . . ,Xh]] be a non-zero element. Then we call F G supp(/) a least 
monomial of f if 

{X" I X" G supp(/), t; ^ 0, and X" divides F} = {F} 
and F is not the product of other least monomials in the support of (j) under iteration. 

It is clear that one of the monomials in the monomial support of 0" can be in i^T when the coefficient 
Xi of the linear term Xi in supp(0i) satisfies Xi ^ 1 and A" = 1 for some 1 < i < b. It is also possible to 
have a coefficient of after iteration when char K ~ p and n — Mp'^ for some e > 1. Lemma [2. 161 gives 
general conditions for when the coefficient of a least monomial is divisible by p after iteration. 

Denote d(j)p as the map induced by (/) on the cotangent space of X at P. Recall that we are assuming 
that P is a fixed point of cj) and that K is algebraically closed. Therefore, d(pp is ab x b matrix and can 
always be put in Jordan-canonical form, with Jordan blocks Ji , . . . , Jfc of the form 



J,. = 



/A, 1 0\ 
A, 1 



\0 ■■■ Xj 



Having a non-trivial Jordan block causes more complicated interaction between the (pi through the 
additional linear terms. Consider as an example Ji of size 0. We have 

01 = XiXi + X2 + higher order terms 

02 = -^12^2 + 2:3 + higher order terms 



(po — AiXn + higher order terms. 

Along with the linear terms AiXi, . . . , AiXn, we also have the linear terms X2, . ■ . ,Xx,. Notice that for 
F, a least monomial in the monomial support of (pi in a non-trivial Jordan block of d(pp, it may be 
that F G supp(0j) for some other pj in the same Jordan block of dcpp. We will be concerned with 
F ^ supp(0j"^) for every cpj in the same Jordan block of dcpp. First we describe the coefficients of a 
least monomial under iteration. 

Lemma 2.15. Let F = 11 -^i' '^'^^ assume the monomial support of cpi^ with 1 < it l£ b contains a 
least monomial that is a constant multiple of F. Assume that (pi^ is in a Jordan block of d(pp of size 
> 1 with eigenvalue X. Label the rows 1, . . . , corresponding to (pi-^, . . . , cpi^ . Assume that the last row 
containing a constant multiple of F is (pn^ and label the initial coefficients of the F as Ci, . . . , Cs with at 
least Cg 7^ 0. Let a = ^ij ■ Then we have that the coefficient of F in ip\^^ is determined as follows: 

(1) IfdegF = 1, then we have 

if n < s — t, 
otherwise. 
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(2) IfdegF > 1, then 



( 



E 

£=0 



E 

j=0 



n - 1 - j 



\ i0{n,---,«t.} / 

Proof. We will prove both statements by induction. 

(1) For the base case of n = 1, we have from the formula 

'O ift<s-l, 
1 ift = s-l, 
A if t = s, 

which corresponds to the linear terms of a Jordan block. We will assume now that the formula 
holds for the n-th iterate and consider the (n + l)-st iterate. 

Case 1. The Jordan block is size 1 or < = s. 

In this case, the contribution to F in supp{(pij through iteration is given by 

XXs- 

Hence, the coefficient of F in supp((jf)^"'''^^) is given by 

A(A"a;«) = A^+^a;,, 

confirming the formula. 

Case 2. The Jordan block is non-trivial and t ^ s. 

In this case, the contribution to F in swpp{(j)i^) through iteration is given by 

Xxt + xt+i, 

and hence the coefficient of F in supp((/)j-"^^^) is given by 



A 



n 
s-t 



^n—{s—t) 
_ yi-{s-t) + l 
_ yi-{s-t) + l 
_ yi-{s-t)+l 
_ yi-{s-t) + l 
_ ^n+l-(s-t) 



'n+V 

s-t^ 

confirming the formula. 



n 
s - t 



n 

s-{t + l) 

n 

s-t-1 



n{n-l)---{s-t+l) n{n-l)---{s-t+ l)(s - t) 



(n-(s-i))! 



+ 



(n- (s -*) + !)! 



n(n - 1) • • • (s - t + l){n + 1 - (s - i)) n{n - 1) ■ ■ ■ {s - t + l)(s - t) 



{n - {s - t)y.{n + 1 - (s - t)) 
{n + l)n{n- I) ■ ■ ■ {s - t + ly 



+ 



{n-{s~t) + iy. 



(n- (s-t) + l)! 



(2) For the base case of n = 1, the sum over j has a term only when £ = and, in that case, we 
have £ = j = 0. So the coefficient of Ct+e in (t^n 

Jo if ^ 7^ 0, 

li = ^°n.,.,,^,^,...,„jAO if^=o. 



We will assume now that the formula holds for the n-th iterate and consider the (n+ l)-st iterate. 



Case 1. The Jordan block is size 1 or t = s (in other words, ^ = 0). 

In this case, the contribution to F in supp(0i^, ) through iteration is given by 



and, hence, the coefficient in F in supp 



Xxs + CsF, 

(n+l) 



A 



n-l 



) is given by 



J2 A^("-i)+«-i J] 

j=0 Xi\F 



Xi\F 



Notice that the first term of (|2.f p and the desired term of 



^ ^i(a-l)+„ -Q 
3=0 x,\F 



A! 



differ by exactly the j = n term of (|2.2p . which is exactly the second term of (|2.ip . confirming 
the formula. 

Case 2. The Jordan block is non-trivial and t ^ s. 

In this case, the contribution to F in supp(0ij) through iteration is given by 



Xxt + xt+i + CtF. 

Case 2.1. ^ = 0. 

Since there is no contribution to ct from xt+i in (|2.3|) . the contribution of ct is given by 



/ \ 

ri-l 

i=0 Xi\F 
\ i^{ii,...,i„} / 



(A")" n (^")''- 

i^{ii,...,it,} 



Notice that the first term of (12.411 and the desired term of 



-l)+n 



3=0 



n 

i^{ii,...,it,} 



differ by exactly the j = n term of (|2.5p . which is exactly the second term of (|2.4p . confirming 
the formula. 



Case 2.2. ^ 7^ 0. 
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(2.6) 



(2.7) 



Since there is no contribution to ct+e from ctF in (|2.3|) for £ ^ 0, the contribution of each 
ct+e is given by 

/ \ 

1 ^ 



A 



n—l—i 

E 



^i(a-l)+ri-l-^ 



V 



n 

Xi\F 
i^{ii,...,i„} 



J 



E 

3=0 



1-i 
- 1 



For j ^ n — £ there is no contribution from 



n 

Xi\F 
,...,i„ } 

SO we have to check that 



n- J 
£ 



Computing, we get 



with equahty since £ is at least 1. 

We have left to check that for j = 0, , 



n-1- j 
£-1 



— £ — I we have 



1-J 
£ 



n-1- j 
£-1 



Computing the right-hand side, we have 

(n-l-j)...(£+l) {n-l^j)---{£) 

{n-j-£-iy. ^ {n-j-£y. 

{n^l-j)---{£ + l){n-j-£) , {n - 1 - j) ■■■{£+ !){£) 



{n-j-£)l 
{n-l-j)---{£ + l)(n-3-£ + £) 

in-j-£)\ 
{n-j)in-j-l)---i£+l) 



{n-j-£y. 



{n-j-£)l 



confirming the formula 



□ 



Remark. If F e supp(0i) with = then we know that F does not effect LT{Ii) since a;, either 
divides LT{f) or is relatively prime to LT{f) for all / e /i. In the former, case we take the normal 
form of / with respect to the known leading terms. In the latter case, we see that every term in the 
local analogue of the S'-polynomials is divisible by the known leading terms and hence is already in the 
leading term ideal. 

If F G supp(0j) with Xi I F and A.^ = then we know that F does not effect LT{Ii) since Xi G LT{In) 
for all n. 

So we will exclude from consideration the Jordan block(s) with eigenvalue and monomials divisible 
by Xi with A^ = 0. 
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Lemma 2.16. Let F — J^x^' with AegF > 1 and assume that supp(0ij) with 1 < it < b contains a 
least monomial that is a constant multiple of F. Assume that (jji^ is in a Jordan block of d(j)p of size 
> 1 with eigenvalue A 7^ 0. Label the rows 1, . . . , corresponding to (pi^, . . . , (pi^ . Let a = ^ij ■ 

The following are conditions for all of the coefficients of F in the Jordan block of d(j)p containing F to 
be divisible by p — char(_ft'). 

(1) If X = 1 and Ai = 1 for all i such that Xi \ F and i ^ {ii, . . . , i^,} , then it is necessary that p \ n 
and sufficient that n — Mp'^ for e large enough and [M, p) = \. 

(2) Assume A ^ 1 and A^ = 1 for all i such that Xi \ F and i ^ {ii, . . . , i„}. 

(a) If a — 0, then it is necessary that A is an r-th root of unity for some r \ n and sufficient 
that n ~ Mrp'^ for e large enough. 

(b) If a > 0, then it is necessary that A"^^ is an r-th root of unity for some r \ n. 

(3) If X = 1 and Xi ^ I for at least one i such that Xi \ F , then it is necessary that 

n ^ 

Xi\F 

is an r-th root of unity for some r \ n. 

(4) If X ^ I and Xi ^ I for at least one i such that Xi \ F and i ^ {ii, . . . , i„}, then it is necessary 
that 

A"-i n 

Xi\F 

is an r-th root of unity with r \ n. 

Proof. We will use the description of the coefficients of F under iteration from Lemma 12.151 Assume 
that the last row containing F is (pi^ with 1 < s < and label the initial coefficients of the F a.s ci, ... ,Cs 
with at least 7^ 0. 

(n) 

If degF = 1, then F = Xi^ and Cg — X and the coefficient in cpl is 

A"c,. 

Since A 7^ in ii' this coefficient is never divisible by p. So we restrict to the case degF > 1. 
(1) We want the coefficients to be in ii'. The coefficient in (pi^ is given by 

ri-l \ 

1 = ncs 
3=0 ) 

with Cs 7^ in K. Hence, we must have p \ n. To see the sufficient condition; assume that 
p I n, then at least F ^ supp((?!),["^). Note that if p 7^ 2, then we also F ^ supp((/!>j-"^ J since the 
coefficient 

/ V^^ \ n{n- 1) 
I 2^ J I Cs-i = Cs-l 

is divisible by p for p | n. Now replace (phy (pP and n hy n/p and consider F in the Jordan block 
of dipp. Now the last row containing F is (pi^. By the above argument, this coefficient in (pP will 
be in K. Hence, with each power of p, F does not appear in the last previously appearing 
row after iteration. Since the Jordan block is of finite size, taking (pP for e large enough causes 
the monomial F to not appear in the Jordan block of d(f>p. So it is necessary that p \ n and 
sufficient that n = Mp^ for e large enough and {M,p) = 1. 
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(2) (a) We want the coefficients to be in K. The coefficient in is given by 

^„-i 

with Cs 7^ in K. Hence, we must have 

A" = 1 mod p. 

To see the sufficient condition, assume that A'' = 1 mod p for some r \ n and replace by 
(jf and nhy n/r. Now we are in the situation of (a), which we have aheady demonstrated. 
So it is necessary that A is an r-th root of unity for some r \ n and sufficient that n = Mrp'^ 
for e large enough and {M,p) — 1. 
(b) We want the coefficients to be in K. The coefficient in (pi^ is given by 

with Cs 7^ in K . Hence, A"^^ must be an r-th root of unity for some r \ n. 

(3) We want the coefficients to be in K. The coefficient in (fii,. is given by 

/ \ 

n-l 

E n 

j=0 Xi\F 
\ i^{ii,...,i„} / 

with Cg 7^ in A'. Hence, 

n 

Xi\F 

must be an r-th root of unity modulo p for some r \n. 

(4) We want the coefficients to be in K. The coefficient in (pi is given by 

^ ;^j(a-l)+„-l -Q ^e,. 

j=0 Xi\F 
\ i^{ii,...,i„} / 



Hence, 



A"-i n 

Xi\F 

must be an r-th root of unity modulo p for some r | n. 



□ 



We have now established necessary conditions for a least monomial in 

SUpp(0i(x) - Xi, . . . ,(/'6(x) - Xb) 

to not appear in 

SUpp((/)^"^ (x) - Xl , . . . , (/)[,"^ (x) - Xb). 

However, this vanishing is not sufficient for ap{n) ^ ap{l). Fortunately, the necessary conditions on n 
from Lemma [2. 161 will be enough to show that $j!i((/>) is an effective zero-cycle for all n > 1. 
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The next proposition gathers our knowledge of ap{n). 

Proposition 2.17. Let X C 6e a non-singular, irreducible, projective variety of dimension b defined 
over K . Let <j) : X X be a morphism defined over K and P G X{K) be a fixed point of (f>- Denote d(f>p 
as the map induced by 4> on the cotangent space of X at P. Let Ai, . . . , A; be the distinct eigenvalues of 
d(j)p with primitive multiplicative orders ri, . . . , r; (set r^ — oo if Xi is not a root of unity). Then for all 
n > 1 such that 0" is non-degenerate, 

(1) ap{n) > ap{l). 

(2) ap(n) = l^Xf ^1 forl<i<l. 

(3) If ap{n) > ap{l), then at least one of the following is true. 

(a) ri I n for at least one i for 1 < i < I with ri ^ 1. 

(b) p = char{K) ^ and p \ n. 

Proof. 

(1) Lemma [Uni 

(2) It is clear that ap{n) = 1 if and only if /„ generates the maximal ideal of Rp. This is true if 
and only if 

{xi-yi,...,Xb- ?;6,0i"'(x) - 2/1, . . . ,0["^(x) - yb} 

is a regular local system of parameters. Zariski and Samuel Corollary 2 page 137] state that 
this occurs if and only if the power series 

{a;i -yi,...,Xb- yb,4>i\yi) ~yi,.- . ,0["''(x) - yb} 

contain independent linear terms. This is true if and only if A" ^ 1 for 1 < i < I. 

(3) We know from Corollary 12.91 that ap{n) > ap(l) if and only if certain monomials F has zero 
coefficients after iteration. Any such monomial must be a least monomial by Lemma 12.111 and 
Lemma l2.13l Lemma l2 . 161 gives necessary conditions on n for which any least monomial has zero 
coefficients after iteration. Note that cases (|2bp . ([3]), and (j4]) of Lemma [2.161 are cases where 
ap{n) = ap(l) since Ai ^ 1 for some Xi \ F. Hence, the removal of this monomial has no effect 
on the leading term ideal. So we are concerned only with the conditions ([1]) and (|2ap of Lemma 
12. 161 for which we also know sufficient conditions. 

□ 

2.3. Proof of effectivity. We will consider several different maps over the course of the proof, so to 
avoid confusion we will include the map in the notation as ap{(j),n) and a*p{(j),n). 

Lemma 2.18. Let p be a prime in Z and let n — Mp'^ in TL^ with e > 1 and p \ M . 

(1) Ife^l, then 

a*p{(j},n) = a*p{4)P,M) ~ a*p{4),M). 

(2) Ife>2, then 

a*p{<l),n):^a*p{(pP'"\AIp). 

(3) Let n = qM where gcd(g,M) = 1. Then 

d\q 
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Proof. Computing, we get 

i) = (^) o-Pi^^d) 



ap[(p, n) 



d\n 



pd\n ^ ' d\M 



dlAfp"-! ^ ' d\M ^ 

a*p{r, Mp^-') + E ap{4,, d). 

d\M ^ 



So we have 



(2.8) n) = a*pi^P, Mp'-') + ^ ( ^ ) ap(0, d). 

d\M 



(1) Considering (|2.8p with e = 1, we have 



ap{(l), d) 



a*p{r, M) + E ('^] ap(</), d) 

d\M ^ ^ 

a^,(0^Af)-a^,(0,M), 



where the middle equahty comes from the fact that /i is multiphcative and (p, M) = 1. 
(2) Considering (|2.8p with e > 1, we have 



d\M ^ ^ 



a*pi<pP,Mp'~^) + 0, 



where the second equahty comes from the fact that is not square free for aU | M. Replacing 
(j) by and n by n/p, we may repeat the argument to conclude that 



ap(0,n) = a*p{<f)P^ \Mp). 
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(3) Using the fact that the Mobius function is multipHcative for relatively prime numbers, we get 
a*p{<j),n) = E M (^) (^Pi^^d.) 

d\qM ^ ' 

= EE/^(t)^(£) 



X C^l / , V <^2 / 

di\q d2|M 



c(i|g 

□ 

In the next lemma, we provide a formula for a*p{n) when n = \cm.{ri^, . . . ,ri^) for some subset 
{rii, . . . ,ri^} of {ri, . . . , r;}. We clearly need that each is finite, in other words, that A^^ has finite 
order, and we will also assume that each r,, ^1. 

Lemma 2.19. Let P be a fixed point of cf). Let Vi he the primitive order of Aj in K* for 1 < i < I (set 
ri = 00 if Xi is not a root of unity). If n = lcm(rij , . . . , rj^) for some subset of non-trivial finite orders 
{rjj, . . . ,rij^} C {n, . . . ,r;} with n^O in K and square free with no other ri dividing n, then we have 

a*p{4>,n) = 



d\n 

k 



^EEa' 

*=1 <i|F^ 



n 
dri 



k k 

+ E E E Ml „ X ) Cin,it2 



n = l t2=l d\, j-^ r 



dlcm(riji,rj,J 



k 

+ E E m(3T737I 



t=ld|. 



dlcm(rii,...,ri,,...,rij 



l,...,Cij,...,»fc 



I lom(rij ,...,rij rj^. ) 

d|l 

for some non-negative constants Ca- 
Proof. Recall that 

LT(/r„ + /a) = LT{In) C LT(/i) = LT(/r, + /a). 
In particular, we know that 

Span(X'' I X'" ^ LT{h)) C Span(X'' | ^ LT(/„)). 
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From Proposition 12 . 1 7"( we know that ap(ri^) > ap(l) for each since r^^ 7^ 1. Similarly for iti ^ it2, 
by replacing with ^ we have 

fap(lcm(rj,i,n,J) > ap(r,,J if r^,, | r,,, 
\ap(lcni(r,,i,r,,J) = op(r,„) if r,,, | r,,, 

since in the second case lcm(rijj , ri^^) = r^^j. Continuing in the same manner, we have 

ap{\cm{ri^,...,ri-,n^)) > ap{lcm{ri^, . . . ,n.)) if \ \cm{ri^ , . . . , n-) 
ap{\cm{ri^,. . .,ri^,r,^)) = ap(lcm(ri^, . . .,r,.)) if r^^ | lcm(ri^, . . .,ri^,r,^). 

Again in the second case, we have lcm(rij , . . . ,ri. ,ri^) — lcm(rij , . . . , r^^. ), so we have left to consider 
the first case. In particular, for any /3 defined as the least common multiple of any j of {r^j , . . . , . , }, 
we have {X" | X"" ^ LT(/icm(rij,...,ri.,ri^))} containing at least one element not in {X^ \ X"" ^ LT{Ip)}. 
To see this, consider the ordering 

Then for each /3, one of the linear terms cc^j , . . . , , is contained in LT{Ii3) since it is a leading term 
of the associated (xi , . . . , a;?,) — Xi. Also, none of the linear terms , . . . , x^^. , Xi_^ are contained in 
m{ri^,...,ri.,ri ))■ Hcnce, the monomial 

is in {X" I X'" ^ LT(/ic,„(r^^,...,r,.,r^^))} but not in any of the {X^ | X" ^ LT{Ip)}. This argument 
ensures the non-negativity of the constants Cq, defined below. 
We have ap(l) > 1 since P is a fixed point and since 

{X- I X- ^ LT{h)} C {X- I X" ^ LT(/«)} 

for all K > 1, we have a contribution of ap(l) to ap{d) for all d \ n. 

Let = ap{ri^) — ap(l) > for \ <t < k since r,;j ^ 1 by assumption for \ < t < k. Since 

{X- I X^' ^ LT(/, J} C {X" I X- ^ LT{I^)} 

for all K with r^^ | k, we have a contribution of c^^ to ap{d) for all d | 
Let 

= ap(lcm(r,,,,r,,J) - #{X^ \ X^ ^ LT{Ir^J} U {X^ \ X^ ^ LT{Ir^J}. 

If rij2 I ?'iti, then Ci^^^i^r^ — since lcm(rijj^, r^j^) = r^j^. Otherwise, by the argument at the beginning of 
the proof, there is at least one monomial not in LT{Irt-^_rt2) that is not in the complement of LT{Irt-^) 
or LT{Irf2)- Hence Ci^^j^^ > 0. Since 

{X" I X^ ^ LT(/i„nK,,n,,))} C {X^ I X^ ^ LTih)} 

for all K with Icmfr^ , „) I n, we have a contribution of q,, i,, to apid) for all d I — t—!^ r. 

Similarly, for 2 < j < k, let (3 be the least common multiple of j elements of {r^^^, . . . ,ri^.,ri^} and 

let 

c^,u...,H,,^-, = ap(lcm(r,,,, . . . ,r,,^.,r,J) - # ^[JlX" | X^ ^ LT{Ip)}^ . 

If I lcm(rjj^, . . . ,rjj^), then Ci„,...,iy,i^ = since \ci<[i{n^^, . . . ^n^. = \cm{ri^^ , . . . , n^.) . Other- 
wise, by the argument at the beginning of the proof, there is at least one monomial not in LT(Iri^_^^...^ri^ . ,ri^ ) 
that is not in the complement of LT{Ip) for each Hence Ci(j_...^iy > 0. Since 

{X" I X- ^ LT(/ie„,(,.^^,...,,.^^.,,.^))} C {X" I X- ^ LT{I,)} 
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for all K with lcm(rijj , . . . , r^jj , r^) | k, we have a contribution of Ci^^^...^i^.^i,^ to ap{d) for all d 



Notice that by construction, none of the monomials in {X'" \ X"" ^ LT{In)} are counted in multiple 
constants Cq, and all of them have been counted. Hence, the formula holds. □ 

Remark. Notice that Lemma [2.191 implies that a*p{n) > for all n = lcm{ri^ , . . . , r^^,) since each line is 
either or Cq, by properties of the A^Iobius function and the constants Cq, are all non-negative. We may 
assume n is square free by Lemma l2.18t|2|) . 

We are now ready to prove the main theorem. 

Theorem 2.20. Let X C be a non-singular, irreducible, projective variety of dimension b defined 
over K and let (j) : X ^ X be a morphism defined over K . Let P be a point in X{K). Define integers 

p— the characteristic of K . 

m = the primitive period of P for (p (set m = oo if P ^ Per{(f>) ). 

If m is finite, let d(j)^ be the map induced by on the cotangent space of X at P, and let Xi, . . . , Xi be 
the distinct eigenvalues of d(j}^ . Define 

ri — the multiplicative period of Xi in K* (set ri — oo if Xi is not a root of unity). 

Then 

(1) For all n > 1 such that is non-degenerate, a*p{n) > 0. 

(2) Let n> 1. If (f)'^ is non- degenerate and a*p{n) > I, then n has one of the following forms: 

(a) n — m. 

(b) n — m lcm(rij , . . . , r^^ ) for 1 < k < I. 

(c) n = mlcni(rij , . . . , rif.)p'^ for I < k < I and some e > 1. 

Proof. Fix a point P (z X and let n > 1 be an integer such that is non-degenerate. By definition, we 
have 



a*p{(j), n) = ^ /I ap{(t), d). 



Suppose that 0"(P) ^ P. Then 4)'^{P) ^ P for aU d\n,so ap{<t>, d) = Q for all d | n since the graph Va 
of 4)'^ and the diagonal A will not intersect at {P,P). Hence, ap{ip,n) = 0, proving the theorem in this 
situation. We now assume that 4>^{P) = P. 

It follows that P is a periodic point for 0, so m is finite with m \ n and ap{(j), d) > 1 if and only if 
m I d. Computing a*p{<j), n) in terms of 0™, we see that 



d\7i with m\d 
d\{n/m) 

= E i^(^)apir,d) 

d\{n/m) ^ ' 

= a*p{(j)"',n/m). 

Therefore, we can replace 4> by and n by n/m and assume that m = 1. 

We will consider a number of cases, but first we recall from Proposition 12 . 1 71 that ap{(j), 1) = 1 if and 
only if r,; ^ 1 for all 1 < i < /. 

Case 1. n = 1, in other words n — m. 
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In this case, we have 

a*p{(t>,n) = ap{(f), 1). 

Since P is assumed to be fixed by (j), 



n) = ap((/i, 1) > 



1 always 

2 if r.i ~ 1 for some i. 



Case 2. n > I and ap{(j), n) = ap{(j), 1). 

Let d I n\ then Proposition 12 . 1 71 states that 

ap(0, 1) = ap{(p,n) ap^cj)'^ ,n/ d) > api^cj)'^, 1) = ap{<i),d) > ap{(j), 1). 

Hence, ap{(j), d) — ap{(j), 1) for all c? | n. So 



d\n 



by properties of the Mobius function, since n > 1 by assumption. 

Case 3. ap((j), n) > ap{(j), 1) and n 7^ in K . 

By the assumptions in this case, we know that at least one | n. Let n = lcm(rij, . . . ^ri^)AI where 
M is not divisible by any n. Then we have 

ap(0, n) = ^ ap(0'', lcm(r,i , . . . , r, J) 

d\M 

by Lemma r2.18t[ 5|). However, since | A/ for all 1 < i < for d\ M, we also have r.^ f d for all 1 < i < Z. 
Additionally, n 7^ implies p \ n, so we cannot be in any condition of Proposition 1 2. ITt p]) . Consequently, 

a*p{(f>,n) = ap((/''*,lcm(r,i, . . . ,r,J) 

£i|j\/ ^ ^ 

^ ("7") ap((/',lcm(r,i, . . . ,r,J) 

= 

since a*p{(j)'^, \cm{ri^ , . . . , r^j, )) is constant over d \ M. So we can assume that n = lcm(rij , . . . , r^^ ) and 
-j" n for z ^ {ii, . . . , ifc}. If n is not square free, then by applying Lemma [2. 181 to any prime factor q^^ 
with Cj > 1, we get 
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So we may replace n by — and (p by (j)'^^ '"'3 and assume that n is square free. We are 

9l' ■■■9/ 



now in the case of Lemma 12.191 and have 



d\r 
k 



t=l ci|-2- 
fe fc 



fc 

t=idij 



dlcm(rii, . . . . . . ,rij 



d|l 

for some non- negative constants Cq,. Since every inner sum is either or Cq, by properties of the Mobius 
function, we have that ap{(j),n) > because every Cq, is non- negative. By assumption, at least one 
Ti divides n, so we know that c„ will be positive since it will have at least one additional monomial. 
Additionally, the sum associated to c„ will be c„ since it is summing over the divisors of 1. So we have 
shown that 

ja*p{(l),n)>l ifM=l 
1 ap(0, n) = otherwise. 

Case 4. ap{(l), n) > ap{(j)^ 1) and n = Q in K . 

We can write n = lcm(rj^, . . .^TiJp'^M with {r.^,M) = 1 = (p, M) by Proposition [2T7l If M > 1, 
then 

ap((/),lcm(r,,, . . . ,r,Jp'=) = ap(0, dlcm(r,i , . . . ,rjjp'=) 
for all d I M since M is not in one of the forms of Proposition 12.1 7lf 3|) . So 

H 

d\M 



E^(^) ap(</':lcm(r,i, . . . ,rijp^) 



(i|Af 

0, 



where the first equality is from Lemma l2.18t[51) . So assume M — 1. Computing, we have 
a*p{(j>, lcm(rii , . . . , Ti Jp"") = ap (0^'" ' , lcm(r,i , . . . , r,^ )p) 



= a 



,lcm(rji, . . . ,r,Jp) - ap((/)P" , lcm(r,i , . . . ,r,J) 



= ap(0P ,lcm(rii, . . . ,rij) - ap(0P , lcm(rii , . . . , J). 

Considering the maps 0^ and (fp , we have have lcm(rij , . . . ,ri^) ^ Q va K . As in Case 3, we may 
assume that lcm(rij , . . . , r^^) is square free and use Lemma [2.191 to write ap(lcm(rij , . . . , r^^)) in terms 
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of the non- negative constants Cq. Since we are working with constants Cq for different maps, we include 
the map in the notation as Ca{4>^ )■ The constants that contribute to a*p{\cm(ri-^ , . . . , )) are associated 
to a = lcm(rij , . . . , r^^ ) since the Mobius sum is not identically in that case. So if 

ap(0,lcm(rji, . . . ,rijp'') = ap{(l),lcm{r,^, . . . ,ri^)p^~'^), 

then Ca{4>^ ) — Cq(0p ) If we get additional key monomials with zero coefficients after iteration, in 
other words, 

ap(0,lcm(ri,, . . . ,rijp*=) > ap (0, lcm(rji , . . . ,rijp''~i), 
then Cq(0p°) > Ca[4'^'' )■ Hence, 

a*p{cj),n) = if ap(0,lcm(ri^, . . . ,rijp'=) = ap(0, lcm(rjj , . . . ,rijp'=~i) 
a*p{cj),n) > if ap((/), lcm(r,;^ , . . .,rijp^) > ap((/), lcm(rij , . . . , ri^)p'="i). 

Hence, a*p{(j), n) > always; and if a*p{(j), n) > 0, then n is in one of the stated forms. 

□ 

Remark. If char K = 0, then in Theorem 12.201 we. in fact, have ap{n) > 1 if and only if n — m or 
n — mlcm(rij, . . . ,ri^) since we know precisely the conditions for ap(n) > ap(l). 

Note that Morton and Silverman 13, Corollary 3.3] show that for dimX = 6 = 1, if ni f ri2 and 
712 I ni, then <I>*^ (ip) and (</>) have disjoint support. They use this fact to construct units in K called 
dynatomic units similar to the construction of cyclotomic and elliptical units. In the general case, the 
non-divisibility condition may not imply disjoint supports because there are more possible forms of n. 
In particular, ni — mri and n2 — mr2 could satisfy the divisibility condition, but they do not have 
disjoint support. 

3. Formal ^-periodic points of multiplicity one are primitive ?i-periodic points. 

In this section we use the detailed description of the multiplicities from Section[2]to show that periodic 
points of formal period n with n 7^ in if and multiplicity one have primitive period n, generalizing 
[il Theorem 2.5]. 

Theorem 3.1. If P is a primitive m-periodic point for (j), then a*p{n) > 2 for all integers n > m with 
char if I n and ap{n) 7^ 0. 

Proof. Let n > m > 1 be any integer for which ap{n) 7^ 0. Since 

ap(") = Xl'^ (^) "^('^^ 

d\n 

and ap(d) =/= only for m | d, we must have m divides n. Computing a*p((j),n) in terms of 0™, we know 
that 

ap(0, n) — a*p{(j/^ , n/m). 

Hence, we may replace by 0™ and n by n/m and assume that P is a fixed point. From Theorem 12. 201 
we know that for a*p(n) ^ and char if \ n we have that n is of the form 

n = lcm(rii, . . . ,rij. 

Case 1. n = ri for some I <i <b (in other words, k = 1). 

If Xi is in a Jordan block of d(j)p of size > 1 then consider as i the first row of the Jordan block. Let 
(3 be the size of the Jordan block. In other words Xi, . . . , Xi+p are the rows of the Jordan block. Let 

5 = b ^ = ' 
\i + (3 /3>1. 
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Case 1.1. Xj ^ 1 and AJ' 7^ 1 for all j ^ i. 

We have ap(l) = 1 and need to compute ap{n). We know 

Xj e supp((/)^"-' (x) ~Xj) j ^i.p 
< Xj+1 e supp(0^"-' (yi) - Xj) i<j<i + P,P>l 
^Xj £ supp(0^"^(x) - Xj) j ^ {i,. . + > I 
and, using Lemma [2. 151 for the description of the coefficients of a monomial after iteration, we know that 
(3.1) a:? ^ supp(4"Hx) - 

With the appropriate choice of admissible monomial ordering, we have Xj for j ^ z is a leading term of 

one of the (x) — Xk for k ^ S. Since all of these leading terms are relatively prime they are part of 

the generating set of a standard basis and we need only consider the monomial x'l e supp(0^"'' (x) — xs). 
From p.ip we must have e > 3. So then we have 

LT{In) C {Xi, . . . ,Xi-i,X^i,Xi+i, . . . ,Xb}. 

By Lemma [2. 191 we have added at least {xi^xf} to the complement of the leading term ideal and so 

a*p{n) > 2. 

Case 1.2. A" — 1 for some j ^ i. 

We have Xi in LT{Id) for any d < n but not in LT{In) and Xj ^ LT{In). So we have added at least 

{Xi , XiXj } 

to the complement of LT(/„), and by Lemma [2. 191 we have 

a*p{n) > 2. 

Case 2. fc > 1. 

We have that n = lcm(rij , . . . , r^^. ). 

Case 2.1. Xj ^ 1 for j ^ {ii, . . . ,ik}- 

We have ap(l) = 1. From Case ll.ll we know that ap{ri) > 3 for each i G {ii, . . . , z^}. Hence, we add 
at least 

{Xii ■ ■ ■ Xi^ , ■ • • Xif, } 

to the complement of the LT{In). So by Lemma r2.19l we have 

a*p{n) > 2. 

Case 2.2. Xj = 1 for some j ^ {ii, ■ ■ ■ , ik}- 

We know Xj ^ LT[Ii) and hence Xj ^ LT(In). Additionally, Xi-^ ■ ■ ■ Xi^. € LT{Ih) for h \ n with h < n, 
but Xi-^ ■ ■ ■ Xi^ ^ LT{In) since r^^ divides n for each 1 <t <k. Consequently, we add at least 

{Xij • ■ ■ Xij. , Xi-^ ■ ■ ■ Xif,Xj} 

to the complement of LT{I„). So by Lemma [2. 191 we have 

a*p{n) > 2. 

□ 

Example 3.2. Theorem 13.11 does not hold for charj^ | n. In other words, we may have a*p{n) = 1, 
but P is a periodic point of primitive period strictly less than n if charX | n. For example, consider 
char if — 3, dimX ~ 2, and (j) : X X defined near a fixed point P as 

(j)i{xi,X2) — Xi + x\ + X1X2 

</>2(a;i,X2) = 2x2 + xj. 
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Then with the monomial ordering X2 < xi, the leading term ideal is generated by {x\,X2} and, hence, 
ap(l) = 2. Iterating, we have 

4ii\xi,X2) = Xi+x\ + X1X2 + higher order terms 

(j)^\xi,X2) = 2x2 +Xi+ higher order terms. 

Then we have the leading term ideal is generated by {xi,X2} and, hence, ap{3) = 3. Then computing 

a*p{3) = ap{3) - ap(l) = 1, 

but P is a fixed point for (f). 

4. Properties and consequences 

Unless otherwise stated, we assume that X is a non-singular, irreducible, projective variety of dimen- 
sion b defined over K and that ^ : X — > X is a morphism defined over K such that is non-degenerate. 

4.1. Basic properties. 

Proposition 4.1. Let m,n>l be integers such that t^™" is non-degenerate. Then 

(1) If ap{n) > 0, then ap{mn) > for all m. 

(2) If P is a periodic point of primitive period n for (p, then ap{n) ^ 0. In particular, points of 
primitive period n are points of formal period n. 

(3) ap(n) = Ed|nap(d). 

(4) If ap{n) > 0, then for m the primitive period of P for (j) we have a*p{m) > 0, for all d < m we 
have a*p{d) =0, and a*p{(j),n) = a*p (</)™ ,n/m). 

Proof. 

(1) The multiplicity ap{n) > implies that P is a periodic point of period n, and, hence, = P. 

(j)'^{P) =P^ (/)"'"(P) = • • ,^"(P) • • • )))(m times) 

But (j)" (P) = P, so then 0"™ (P) = P. Hence, P is also a periodic point of period mn, so it has 

non-zero multiplicity in ^mn{4>)- 

(2) Since (j)'^{P) / P for all d < n, wc have 

ap{d) = for all d < n. 

So we have that 

«pW = 51'^ (^) = "^("^ ^ ^' 

d\n 

where the last inequality comes from the fact that P is a periodic point of period n. 

(3) The definition of $;((^) is 

Pex 

We also have 

ap(n) = E^ (^) ^P'<^^- 

d\n 

We can apply Mobius inversion to get 

d\n 

which gives the factorization as desired. 
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(4) The multiplicity ap{n) > implies that (j)"{P) = P and, hence, that P is a periodic point. 
Consequently, P has some primitive period m < n. By ([2]), m satisfies a*p{m) > 0. It is the 
minimal such value because for any d < m we have that P is not a periodic point of period d 
and, hence, ap{d) = 0. So we have ap(d) = for d < m. Finally, computing a*p(4>,n) in terms 
of 0™ we have 

a*p{4>,n) = ^ ^Q^ap((/),d) 

d\n with m|(i 
(i| [n/m) 

d|n/m ^ ^ 

— ap{4>'^ ^ n/m). 

□ 

In the next proposition, we summarize some of the facts about a*p{n) in terms of <&*((/)). 

Proposition 4.2. Let ■m,n>l be integers with t/)™" non- degenerate. 

(1) a*pi(t),mn) > a|,((/)™,n). 

(2) //(n,m) = 1, </jen ^ I'^dl'/')- 

(3) Let m — p'^ for some prime p and e > 2. Then ^*ipi{4i) = *I'*ip('/'^ )■ 

(4) If n ~ pI^ ■ ■ ■ pp' for distinct primes pi, . . . ,pr with ei, . . . , > 2 and 
m=pl'-'---p-^-\ then 

Proof. 

(1) This is clear from Lemma [2. 181 

(2) We need to see that 

a*p{(j)"',n) = ^ a*p{(j), nd). 

d\ra 

By the Mobius inversion formula, this is equivalent to 

a*p{(t>, mn) = ^ (^) a*p{(j)'^, n). 

d\m 

Computing the right-hand side, we have 

E M (^) ap(0^ = E E M ( J) rf') 

d|m d\m d' \n 

=eeK7)'^G)^-('^'^^') 

d|m d'\7i 

= EEKi?)"-(^''^'^') 

= E A* (^) ap('/',rf") 
= ap(0, nm). 

(3) This is Lemma Ems]). 

(4) This is Lemma [2.18tf 2|) apphed to each pi. 
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□ 

Proposition 4.3. deg(a>;(0)) = M (i) deg(a>rf(0)). 
Proof. Computing: 



P6X d|n 

'n 

d 



Pex 



d\n 

□ 

4.2. Similarities to periodic Lefschetz numbers. Proposition 14.31 looks remarkably similar to the 
definition of periodic Lefschetz numbers. In this section we describe the connection. 

Definition 4.4. Following the notation of define to be the Lefschetz number of 0. The periodic 
Lefschetz number of period n is then defined as 



din 



The Lefschetz Fixed Point Theorem states that L{(j>^^) ^ implies that has a fixed point, in other 
words, has a point of period n, but this does not imply that the point is of primitive period n. The 
periodic Lefschetz numbers were defined to help address this situation. Several papers, including [1, 0]) 
have studied when ^ implies that there exists a periodic point of primitive period n. We will 

address the relationship between deg(<i>„), deg(<i>* ), L((/i"), /(</>"), and the existence of period points. 

Definition 4.5. A map </> is transversal if ap(l) — 1 for fixed points P. 

Proposition 4.6. 

(1) deg$„(0) >i(0"). 

(2) // is transversal, then 

(a) a*p(n) = 1 if and only if P is a point of primitive period n for (p and a*p{n) = otherwise. 

(b) deg(<i>„(0)) is the number of n-periodic points for (j). 

(c) deg($*(0)) is the number of primitive n-periodic points for (j). Ln particular, if deg($* ((/))) ^ 
0, then there exists a periodic point of primitive period n. 

Proof. 

(1) Recall from the Lefschetz- Hopf Theorem that we may compute the Lefschetz number as 

PeFix(0) 

where 'md{(j), P) is the Poincare index of (f) at P. So £(0) is the sum of the multiplicities of the 
fixed points of with either a negative or positive sign. 

(2) (a) The map 0" is transversal implies that (j)'^ is transversal for all d | n and hence ap{d) = 1 

for all periodic points P of period d \ n. Therefore, if the primitive period of P is n, then 

we have a*p{n) = ap{n) = 1 since ap{d) =0 for d < n. 

Assume that P is a periodic point of primitive period m \ n and compute 

a*p{m) = a*p{(j)"', 1) = ap{(f>"', 1) = 1. 
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Since a*p{m) — a*p{(j)™- , 1), we may replace 4> by ^™ and assume that m = 1. Now computing 
a*p{n) we have 

d\n d\n 

by properties of the Mobius function, 
(b) Properties \2h\ and ((2c)l follow directly from the definition of transversal and ((2a| . 

□ 

Remark. Proposition I4.6t[ 2|) is similar to [5|, Theorem A]. 
4.3. Applications. 

Proposition 4.7. There are only finitely many points of primitive period n for any fixed n with 0" 
non-degenerate. 

Proof. Fix any integer n > 1 with non-degenerate. Proposition 14.31 provides a formula for the degree 
of <&*((/)). Since 0" is assumed to be non-degenerate, Bezout's Theorem states that Td and A intersect 
in a finite number of points for all d \ n; in other words, deg(<i>d(0)) is finite. Hence, deg($*((/))) is finite, 
so there can only be finitely many primitive n-periodic points. □ 

Theorem 4.8. There exists M > such that for all q prime and q > M, deg($*((^)) ^ implies that 
there exists a periodic point with primitive period q for (j). 

Proof. We want to show that there exists a P with a*p{q) ^ that is a primitive g-periodic point. We 
know that for q prime we have 

deg($*(0)) = deg(<i>,(0)) - deg(<i>i(<^)). 

There are only finitely many fixed points for (p by Proposition 14. 7[ and for each fixed point only finitely 
many n relatively prime to the characteristic of K such that ap{n) > ap(l) by Theorem 12.201 Hence, 
after excluding those finitely many numbers (including the characteristic of K), each time deg($g((/))) > 
deg($i(0)) the additional degree comes from at least one periodic point of primitive period q. □ 

Corollary 4.9. // there are infinitely many n G Z+ such that deg($* (0)) 7^ for n ^ in K and 0" 

is non-degenerate, then there exists P d X with an arbitrarily large primitive period for (j), and (j) has 
infinitely many periodic points. 

Proof. By assumption, we have infinitely many primes q with deg($*((^)) ^ 0. Applying Theorem 14. 8[ 
we then have infinitely many primes q with a periodic point of primitive period q. □ 

Remark. Corollary 14.91 appears to be similar to applications of periodic Lefschetz numbers such as 
those in 0, [1] . 

Theorem 4.10. If P is a fixed point of (j), then the sequence 

{ap{n)}n&i 

char K\n 

is hounded. 

Proof. From Theorem 12.201 we have that for a fixed point P for 0, ap{n) 7^ ap(l) for only finitely many 
n with charier \ n. Hence the sequence must be bounded. □ 

Corollary 4.11. //deg($„(0)) is unbounded for char K \ n, then there are infinitely many periodic 
points for (p and, hence, periodic points with arbitrarily large primitive periods. 



25 



Proof. Consider the prime numbers (7 G Z with q 7^ charX. We know that deg($q((/))) is unbounded, 
and the only contributions come from fixed points or points of primitive period q. Since the sequence 
ap{q) is bounded for all fixed points P, there must be contributions to deg($q((/i)) from periodic points 
of primitive period q for infinitely many primes q. □ 

Remark. Theorem 14.101 and CoroUarv 14.111 are similar to 17]. 

4.4. Wehler K3 surfaces. A Wehler K3 surface S* C x is a smooth surface given by the intersec- 
tion of an effective divisor of degree (1,1) and an effective divisor of degree (2,2). Wehler [13, Theorem 
2.9] shows that these surfaces have an infinite autornorphism group, from which we have dynamical 
systems. These dynamical systems were studied in 0, llSl j. 

Theorem 4.12. Dynamical systems on Wehlers K3 surfaces have points with arbitrarily large primitive 
period and infinitely many periodic points. In particular, there exists a constant M such that for all 
primes q > M there exists a periodic point of primitive period q. 

Proof. From 0, page 358] we know that the Lefschetz numbers of the maps = (cti 00-2)'^ are given 

by 

Licj,'') = (2 + Vsf" + (2 + V3)-2'^ + 22. 

So we have 

(4.1) L(0'=) > 2^^ 
By Proposition HUd]) 

(4.2) deg($fe(0)) > L(/), 

hence, we have that deg($fc((/>)) is unbounded as k increases. Applying CoroUarv 14.111 we have the 
result. 

To show the second portion, recall that 

deg($;(0)) = deg($,(0)) - deg{<^>M)). 

In other words, whenever deg($g((/>)) > deg($i((/))) we have deg($*((/))) 7^ 0. Combining (|4.ip and (|4.2p . 
we have that for k larger than some constant C we have deg($* (</>)) 7^ 0. Applying Theorem 14.81 now 
gives the desired result. □ 

Definition 4.13. Let S* be a Wehler K3 surface and let A be the subgroup of the automorphism group 
of S generated by ai and CT2- Let Bk C A he the cyclic subgroup generated by (j)'' — (cri o cr2)'°- Let 
Ap = {(j) € A \ (j){P) = P}. Let S[B] = {P e S{K) \ Ap = B}. Recall that we are assuming K is 
algebraically closed. 



The following proposition addresses a remark of Silverman from 18|, page 358] . 
Proposition 4.14. ^S[Bq] ^00 as g — > 00 for q prime. 

Proof. From Theorem 14.121 we have that there are periodic points of infinitely large prime primitive 
period and, in particular, periodic points of prime primitive period for all primes larger than some 
constant M. Hence, S[Bq] will increase as q increases. □ 

4.5. Morphisms of projective space. We also apply our results to morphisms of projective space. 
Let (f) : P^ he a morphism of degree d. We need to compute the intersection number for A and 

r<i,n , which are contained in P^ X P^. 

Let Di and D2 he the puUbacks in P^ X P^ of a hyperplane class D in P^ by the first and second 
projections, respectively. 

Proposition 4.15. Let A and F^™ be defined as above. 
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(1) The class of A is given by 



(2) The class ofT^n is given by 



N 
3=0 



j=0 

Proof. 

(1) By the Kunneth formula, the diagonal must be a class in 

N 
3=0 

Now, 7?Ar_j(P^) (g) Hj{¥^) is a 1-dimensional space for all < j < N, spanned by the 
Poincare dual of ''-Dj. We can write 



N 

j=o 



To determine the coefficient aj, we should intersect A with the dual of D^. This is 

D{D^-^. So let : A P^ x P^ and compute 

{D^~'Di) ■ (A) = i*^{D^-^Di) . P^ = . P^ = 1 

using the fact that ^^(-^1) = ^a(-^2) = -D, a hyperplane class on P^. 
(2) Again, by the Kunneth formula, the graph must be a class in 

N 

Hn{P^ X P^) =Y,HN-j{P^) HjiV""), 
3=0 

and we can write 

N 

j=o 



Let ir„ ■ r„ ^ x P^. To determine the coefficients aj, we compute 

(D^-'Di) ■ (r^.) = i*rjD^-'Di) ■ P^^ = d^-W^ ■ = d^-^ 
using the facts that i^^{Di) = dD, since is degree d, and ip^(-D2) = D. 

Proposition 4.16. A morphism (j) : P^ — > P^ of degree d has at most 

fixed points. 



□ 
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Proof. By Proposition 14.151 we compute the intersection number of P^ and A. 




Since each fixed point has multiplicity at least 1, X^jLo maximum possible number of fixed 
points. □ 

Proposition 4.17. A morphism (p : of degree d has 

N 
3=0 

Proof. 0" has degree c?" so we apply Proposition 14. 161 to (/)". □ 

Theorem 4.18. A morphism (f) : —> P^ of degree d > 1 has periodic points with arbitrarily large 
primitive periods and infinitely many periodic points. In particular, there exists a constant M such that 
for all primes q > M there exist periodic points of primitive period q. 

Proof. The degree deg($„(0)) is clearly unbounded from Proposition 14.171 so we apply Corollary 14.111 
to conclude the first result. 

To see the second result, notice that 

deg{$;(<^)) = deg{%m - deg($i(0)) 

- + • • • + + 1) - + • • • + + 1) 

= {{d")^ - d^) + • • • (d" - d) 

> 0. 

Hence, we apply Theorem 14.81 to conclude the result. □ 
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